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Abstract—It is shown that the Vlasov model for a solid describes the complexing processes when growing real
crystals with allowance for the thermal growth conditions. It makes it possible (along with the classical theory
of nucleation and growth of second-phase particles in solids) to calculate the defect crystal structure that was
formed during the growth. It is established that the high-temperature impurity precipitation is directly related
to the subsequent transformation of the defect structure when manufacturing of silicon devices. A qualitative
model of the formation of electric centers is proposed, which directly relates their origin to the initial defect
structure of silicon. It is shown that the concepts and principles of the Vlasov physics are absolutely applicable
in solid-state physics.
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INTRODUCTION

Theoretical description of the formation and trans-
formation of the defect solid-state structure is an
urgent problem of modern crystallography. The term
“defect structure” implies a dynamic system of inter-
acting structural defects, which, depending on various
external conditions (temperature, irradiation, etc.),
determines the electrical, mechanical, optical, and
some other properties of crystals and related devices.
Recently, a great advance has been made in the theo-
retical description of the defect structure of the most
popular and high-quality semiconductor material of
electronic engineering: silicon. This description is
based on two gnoseologically alternative approaches:
classical and probabilistic.

Until recently, the theoretical description of the
atomic crystal structure was based on the classical
(Born) approach [1]. The classical approach postu-
lates the concept of lattice, stipulates the localization
of each atom in the vicinity of a fixed lattice site, makes
consistent the introduction of the concept of probabil-
ity and mechanical description of particle behavior,
and suggests that the set of atoms in the crystal is an
integer. An important result of the Born approach is
the development of the classical theory of nucleation
and growth of second-phase particles in solids for real
crystals [2]. However, this theory has a serious draw-
back, because it cannot explain the impurity precipita-
tion during crystal growth. Therefore, it is assumed
that the precipitation occurs only during heat treat-
ment of a crystal, and the defect formation during the

crystal growth is due to the decomposition of the
supersaturated solution of intrinsic point defects [3].

The inconsistency between the experimental
results and theoretical considerations was eliminated
only in the diffusion model of formation and transfor-
mation of grown-in microdefects, which was based on
the main principles of the classical theory of nucle-
ation and growth of second-phase particles in solids
[4]. The theoretical description of defect formation
during the growth of semiconductor silicon within the
classical approach shows that the impurity–intrinsic
point defect interaction has a fundamental character
and determines the defect structure of crystal from the
crystallization onset to the production of a commer-
cial device. This result was achieved by within two
approaches: refusal from the model of fast recombina-
tion of intrinsic point defects near the crystal–melt
interface [5] and development of the high-tempera-
ture precipitation model [6]. The high-temperature
precipitation model was constructed by introducing
the crystal growth rate Vg and axial temperature gradi-
ent Ga into the initial calculation equations:

, where Tm is the crystal melting

(crystallization) temperature; t is time, and T is tem-
perature. The basic principles and concepts of the dif-
fusion model of formation and transformation of the
initial defect structure of semiconductor silicon were
considered in [4] within the classical approach.

In the middle of the last century, Russian scientist
A.A. Vlasov proposed a probabilistic approach to
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describe properties of solids (Vlasov model for solids).
Within this approach, the periodic crystal structure is
due to the peculiarity of the statistical particle-motion
laws, which match the periodic structure and freedom
of atomic motion, rather than the limitations on
atomic motion freedom throughout the crystal; as a
result, the probability of finding an atom at interstitial
sites is always nonzero [7].

The probabilistic approach is based on the solution
of the kinetic Vlasov equation, which is a system of
equations describing the evolution of a continuum of
particles with a pair interaction potential [8, 9]. Vlasov
suggested that this method (applied by him to plasma)
is universal and can be used to describe gases, liquids,
and solids.

The purpose of this study was to analyze the solu-
tion to the Vlasov equation for solids by the example of
forming impurity–intrinsic point defect complexes
during crystal growth and temperature treatment of
semiconductor silicon.

COMPLEX FORMATION DURING
CRYSTAL GROWTH

The Vlasov theory for solids in the complete form
was presented for the first time in [10]. In the general
case, the Vlasov equation describes the evolution of
the distribution function f(x, , t) of a continuum of
interacting particles in the Euclidean space over veloc-
ity v and coordinate x at an instant t. It has the form

(1)

where K is the pair interaction potential, which (in real
problems) depends on the distance |x – y|, and F is the
total force exerted on one particle at a point x from all
other particles at an instant t [7]. Vlasov proceeded in
his considerations from the following concepts: the
spatial periodic distribution is one of the particular
states of particle motion and certain state of motion for
each particle of the set depends weakly on the total
number of particles. In other words, one can consider
a crystal consisting of two atoms.

The stationary properties of a crystal are described
using the concept of particle distribution density

. Vlasov showed that the nonlocal
crystal model is based on the following nonlinear
equations, which make it possible to calculate the
molecular potential and the density of particle loca-
tion under thermal equilibrium conditions [10]:
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where k is the Boltzmann constant, K1,2 is the pair
interaction potential, and λ is some characteristic
number. The initial equations are equations for two

particles under the steady-state conditions  [10].

Equation (2) is atypical of the theory operating
with point particles. The fact of existence of a problem
of determining eigenvalues of nonlinear integral equa-
tions for two particles is related to the transition to
another domain, in comparison with the theories of
localized particles. Mathematically, equations in the
form (2) are close to Hammerstein equations but differ
from themby infinite integration limits and a different
kernel type [10]. The mathematical theory of nonlin-
ear equations, as applied to physical problems,
involves the main mathematical problem, which con-
sists in searching for the characteristic numbers. Here,
the characteristic numbers are considered to be the
values of some parameter λ, at which equations in the
form (2) have nontrivial solutions. Trivial solutions are
the solutions to Eqs. (2) corresponding to the case of
uniform density [10].

Characteristic number λ is determined [10] from
the main criterion of existence of crystalline state; the
crystallization condition can be written as

(3)

where N is the number of particles and 
[9, 10].

Vlasov showed for the case of crystal that the space
of states is determined via temperature changes [10].
The complex distribution density can be presented as
a function of the crystal cooling temperature:

(4)

where U1min and U2min are the minima of the inter-
atomic potentials in, respectively, silicon–oxygen and
silicon–carbon complexes.

Vlasov showed that the spatial periodic distribution
is one of the particular states of particle motion [10].
This solution was obtained for an ideal (defect-free)
crystal. Further studies in this field were hindered,
mainly, for the following two reasons. An objective
reason was the poor knowledge of structural defects in
solids and their origin. A subjective factor was outright
rejection of Vlasov’s concepts by leading Soviet and
Russian theoreticians [11, 12].

Seven decades after, the problem of complexing in
semiconductor silicon was considered in accordance
with the Vlasov solid model proceeding from the con-
clusions of the diffusion model of formation and
transformation of grown-in microdefects [13]. It was
shown that this model can be used not only to study
hypothetical ideal crystals but also to describe the
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defect-structure formation in real crystals. In particu-
lar, the formation of silicon–carbon and silicon–oxy-
gen complexes during post-growth cooling was calcu-
lated using the Vlasov crystallization model.

Interatomic interactions in materials and, accord-
ingly, their properties are determined based on the
information about the interatomic interaction poten-
tial. The exact form of this potential for two atoms is
determined from quantum-mechanical calculations.
Generally, the potentials obtained are functions with
many parameters, which are difficult to be considered
analytically. Therefore, one uses model potentials with
a smaller number of parameters [13]. To estimate the
formation parameters of silicon–carbon and silicon–
oxygen complexes, the interatomic interaction can be
presented as the Mie–Lennard-Jones potential:

(5)

where D and r0 are, respectively, the depth and coordi-
nate of the potential minimum and b and a are param-
eters (b > a). When a stable interatomic bond is
formed,  and . The parameters of
the potential are as follows: a = 2.48, b = 4.0, and D =
2.32 eV for silicon; a = 2.21, b = 3.79, and D = 3.68 eV
for carbon; and a = 2.6, b = 4.2, D = 3.38 eV for oxy-
gen [13].

Since the system under study consists of atoms of
different types, the potential cross parameters were
determined according to the Lorentz–Berthelot com-
bining rule [14]. The calculations yielded the following
parameter values: a = 2.345, b = 3.895, and D =
2.922 eV for the silicon–carbon complex and a =
2.541, b = 4.101, and D = 2.812 eV for the silicon–oxy-
gen complex. Then we obtain U1min = 2.840 eV for the
silicon–carbon complex and U2min = 2.710 eV for the
silicon–oxygen complex.

To determine the characteristic numbers of the sil-
icon–oxygen (λ1) and silicon–carbon (λ2) complexes,
we will use Eq. (3) at the number of complex particles

N = 2 and  =  [10]. The cal-

culation yielded the following values:
 and  [13].

It was revealed that the complexing process begins
near the crystal–melt interface. Therefore, the Vlasov
model for a solid describes the complexing processes
occurring during the growth of real crystals similar to
the classical theory of nucleation and growth of sec-
ond-phase particles in solids. Furthermore, a method
for calculating the initial defect crystal structure was
proposed, which includes the Vlasov model for solids
and the classical theory of nucleation and growth of
second-phase particles in solids [15].
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COMPLEXING DURING CRYSTAL
HEAT TREATMENT

After being subjected to heat-treatment processes
with different durations in the temperature range of
300–1200°C, silicon crystals exhibit significant
changes in the electrical and structural properties. As
was shown in numerous studies, the main reason for
the change in the silicon properties upon heat treat-
ment is the transformation of the initial defect struc-
ture [16, 17]. The change in the electrical properties is
due to the formation of donor (thermal donors I and
II) and acceptor (thermal acceptors) centers. Thermal
donors I are formed during treatment in the tempera-
ture range of 350–550°C and disappear after short
annealing at temperatures above 550°C. The treat-
ment at a higher temperature (600–800°C) also
induces donor activity (thermal donors II or new ther-
mal donors), which decompose at a temperature of
~900°C or higher [16]. In some cases, a heat treatment
leads to the formation of thermal acceptors, which
accompany thermal donors II [16].

Over the last six decades, several models of the for-
mation of these centers were proposed based on exper-
imental data obtained when studying the kinetics of
their formation and the electrical, optical, and para-
magnetic properties. These models were theoretically
justified based on the classical approach using the the-
ory of nucleation and growth of second-phase parti-
cles in solids. For the sake of brevity, we do not present
a detailed analysis of these models; it can be found,
e.g., in [16, 18]. However, having summarized the
results, one can state that thermal donors I are oxygen
and silicon complexes, which arise in the initial (for-
mation) stage of precipitates. At the same time, ther-
mal donors II are oxygen precipitates in their growth
and coalescence stages [16]. Some researchers sug-
gested that thermal donors I and thermal donors II
have identical nature [19].

The Vlasov model of solids was applied to the com-
plexing processes during heat treatment of silicon
crystals. As an example, a calculation was performed
using the same crystal parameters as in [20]. In this
case, the calculation results obtained within the classi-
cal and probabilistic approaches can be compared.
The joint use of both approaches makes it possible to
consider the known facts from a new point of view and
discover new phenomena and regularities when study-
ing real solids. It was shown in [20] that the precipita-
tion kinetics during heating of a crystal is similar to
that upon its cooling during growth. The minimum
critical radii of precipitates can be achieved in the ini-
tial state at T = 730 K (the minimum temperature of
formation of structural defects in accordance with the
classical theory of nucleation and growth of second-
phase particles in solids); they increase with an
increase in temperature. It was concluded that the for-
mation and growth of precipitates may simultaneously
occur during heat treatment.
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However, the application of the Vlasov model of
solids to the complexing processes during heat treat-
ment of silicon crystals yields a somewhat different
result. The solution to Eq. (4) has a simple and clear
form (Fig. 1). According to the Vlasov model for sol-
ids, the complexing process at temperature T = 730 K,
corresponding to the mean temperature of thermal-
donor formation, is unlikely. Complexing in silicon
during heat treatment may occur only at high tem-
peratures [15]. Figure 1 shows that precipitates are not
formed at temperatures that are generally used in tech-
nological treatments. Hence, from the physical point
of view, the existing defects are dissolved and no new
defects are formed. Let us consider the result shown in
Fig. 1 in more detail.

At first glance, there is an insurmountable contra-
diction between the results obtained with two
approaches. However, a precipitate is developed
through three stages: complexing (nucleation),
growth, and coalescence. During crystal growth the
nucleation occurs near the crystal–melt interface. It is
based on the complexing processes between the intrin-
sic and impurity point defects. When the crystal
reaches some critical size, defects begin to grow. The
stage of precipitate coalescence begins at certain crys-
tal-cooling temperatures Tm (~20 K and ~300 K for
small and large crystals, respectively) [21]. In this
stage, some of precipitates continue to grow. At the
same time, some smaller precipitates undergo a
reverse process: they are dissolved [21]. The defect
crystal structure is formed depending on the ingot
thermal growth conditions; it includes precipitates,
dislocation loops, or micropores [17]. As a minimum,
oxygen and carbon precipitates are formed in undoped
small (diameter 30 mm) silicon single crystals grown
by floating zone melting at the growth rate Vg = 5–
6 mm/min [17]. After the end of crystal growth, the
development of precipitates in the silicon defect struc-
ture continues and is fixed at a temperature T = 300 K
in the coalescence stage [21, 22].

The Vlasov model of solids indicates that there is
no complexing in crystals during heat treatment.
Therefore, the nucleation stage is also absent. How-
ever, the heat treatment activates the precipitate
coalescence processes that are very weak at T = 300 K.
The precipitate growth and dissolution rates increase
with an increase in the annealing temperature. The
Vlasov model indicates that one should consider the
processes of dissolution of precipitates that are already
formed during crystal growth rather than the processes
of formation and growth of complexes. An analysis of
the experimental and theoretical studies shows that, in
this case, Si–O, Si–C, and C–O complexes can serve
as electric centers in undoped silicon single crystals. In
the case of doped crystals, the formation of electric
centers may be based on precipitates of different
nature (e.g., nitrogen). The heat treatment of silicon
crystals occurs in the stage of precipitate coalescence.
In this stage, some precipitates continue to grow, while
the others (of smaller size) are dissolved. It is the dis-
solving precipitates that are responsible for the forma-
tion and annealing of electric centers in silicon. A
characteristic feature of this consideration is not rejec-
tion but consideration of various model concepts
about the nature of electric centers (beginning with
the Kaiser model) [23].

Therefore, the Vlasov model of solids makes it pos-
sible to relate the processes of defect structure forma-
tion during crystal growth and its subsequent transfor-
mation due to the heat treatment. In this case, one can
choose the optimal model of the nature of electric
centers in silicon that are induced by heat treatment.

CONCLUSIONS
The Vlasov model of solids, which is based on the

solution of the Vlasov equation with allowance for the
crystal specificity, describes the processes of complex-
ing during the growth of real crystals, depending on
the thermal growth conditions. In addition, it makes it
possible (along with the classical theory of nucleation
and growth of second-phase particles in solids) to cal-
culate the defect crystal structure formed during the
growth. The concepts and principles of the Vlasov
physics are completely applicable to solid-state phys-
ics.

The Vlasov model of solids allows one to consider
the known facts from a new point of view and discover
new phenomena and regularities when studying real
solids. This thesis is confirmed by the consideration of
the occurrence of donor and acceptor centers in sili-
con during heat treatment. The proposed qualitative
model of formation of electric centers directly relates
their origin with the initial defect structure of silicon.
The formation of electric centers is due to the pro-
cesses of dissolution of impurity precipitates (formed
during crystal growth) during heat treatment. There-
fore, the high-temperature impurity precipitation is
directly related to the subsequent transformation of

Fig. 1. Dependence of the distribution density of silicon–
oxygen complexes on the annealing temperature. 
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grown-in microdefects when silicon devices are fabri-
cated and is a basis for the formation and development
of the silicon defect structure.
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