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Abstract—The formation of silicon–carbon and silicon–oxygen complexes during cooling after the growth of
dislocation-free silicon single crystals has been calculated using the Vlasov model of crystal formation. It has
been confirmed that the complex formation begins in the vicinity of the crystallization front. It has been
shown that the Vlasov model of a solid state can be used not only for the investigation of hypothetical ideal
crystals, but also for the description of the formation of a defect structure of real crystals.
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1. INTRODUCTION
A theoretical description of defect formation in

crystals during their growth has attracted considerable
interest of researchers around the world. This is asso-
ciated with the fact that the defect structure of a
grown crystal serves as the basis for its transformation
and the development of a new defect structure as a
result of various technological inf luences exerted on
the crystal.

Until recently, the description of defect formation
in ultra-pure dislocation-free silicon single crystals was
based on the physical model proposed by Voronkov
(the recombination-diffusion model) [1]. This physical
model, in turn, was based on the classical theory of
nucleation and growth of second-phase particles in sol-
ids [2] and explained the homogeneous formation of
dislocation loops or micropores depending on thermal
conditions of growth [1, 3]. This postulation of the
dominant role of intrinsic point defects led to the
denial of the possibility to theoretically describe the
precipitation of impurities in the processes of defect
formation during the crystal growth [4]. The Voronkov
physical model provided the basis for the construction
of different modifications of the mathematical model
of the dynamics of point defects [5].

However, this denial of the role of impurities in the
processes of defect formation during cooling of the
crystal after the growth was inconsistent with the
majority of the experimental results [6]. Conse-
quently, over the last five to seven years, a new diffu-
sion model of defect formation in silicon has been
developed [7]. The diffusion model is based on the key
role of the high-temperature precipitation of impuri-
ties during the crystal growth [8] and provides a com-
plete theoretical description of the nucleation and

development of a defect structure, both at the stage of
growth and at the stage of technological treatment of a
crystal [7]. This became possible after the diffusion
model was brought into line with the classical theory
of nucleation and growth of second-phase particles in
solids by introducing the temperature T as a function
of time t into the initial equations [9]. In this case, the
mathematical apparatus of the classical nucleation
theory is applicable to the formation of impurity pre-
cipitates in a solid during its cooling after the growth
[7]. It was suggested that the diffusion model can also
be extended to other semiconducting and metallic
crystals [7].

The processes of defect formation have always been
considered on the basis of classical concepts of a peri-
odic structure of a crystal. These concepts are based
on physical limitations, such as the localization of
each atom in the vicinity of a fixed site of the crystal
lattice, the consistency of introducing the concept of
probability and the mechanical description of the
behavior of particles, and the assumption that the
number of atoms in a crystal is an integer. Meanwhile,
in [10–13], Vlasov developed a different model of a
crystal. In this model, the periodic structure of a crys-
tal not is a consequence of the restrictions on the free-
dom of movement of atoms in the crystal, but is deter-
mined by specific statistical laws of motion of parti-
cles, in accordance with which the periodic structure
agrees with the freedom of movement of atoms, so that
the probability of finding an atom in interstitials is
always different from zero [13]. The model is based on
the solution of the kinetic Vlasov equation, which is a
system of equations describing the evolution of a con-
tinuum of particles with a pair interaction potential
[14]. The solution of this equation, under certain con-
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ditions, leads to the description of an ideal periodic
structure of a crystal [13]. However, until recently, the
Vlasov model of a solid state was not used to describe
the real structure of the crystal [15]. Taking into
account the successful construction of the theoretical
description of defect formation in semiconductor sili-
con on the basis of the classical approach, it is of con-
siderable interest to analyze the possibility of describ-
ing the process of defect formation in the Vlasov
model of a solid state.

In this regard, the purpose of the paper is to
demonstrate the possibility of solving the problem of
the mathematical description of the complex forma-
tion in semiconductor silicon within the framework of
the Vlasov model of a solid state.

2. THE MATHEMATICAL MODEL
The Vlasov model is based on the following basic

physical concepts [13]: (1) the rejection of the princi-
ple of the spatial and velocity localization of particles
(in terms of the classical mechanics), which takes
place regardless of the force interactions; (2) the intro-
duction of force interactions by analogy with the clas-
sical mechanics, but with the inclusion of a new prin-
ciple of nonlocalization of particles; and (3) the
behavior of each particle of the system is described by
means of an f-function extended in phase space. This
approach combined the ideas of continuity and cor-
puscular since the original way of describing the
motion of a particle associated with an extended func-
tion, and point particles occurs only in a particular
case [11].

In the general case, the Vlasov equation describes
the evolution of the distribution function f(x, v, t) of
the continuum of interacting particles in the Euclid-
ean space over the velocity v and the coordinate x at
the moment of time t. This equation has the form

(1)

where K is the pair interaction potential, which in real
problems depends on the distance |x – y|, and F is the
total force exerted by all the particles on one of them,
which is located at the moment of time t at the point x
[14]. In order to distinguish between the types of inter-
actions, it is usual practice to consider systems of
Vlasov equations (Vlasov–Poisson, Vlasov–Max-
well, Einstein–Vlasov, and Vlasov–Yang–Mills
equations [16]).

The problem of constructing the theory of the crys-
talline state, which is based on first principles, is
reduced to the choice of the initial system of equations
for the distribution function and to the development of
methods for their solution. The obtained solution will
allow us to calculate the equilibrium properties of a
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crystal for a specified interaction potential and at a
given temperature and density of the particles [17].

The stationary properties of a crystal are described
using the distribution density of particles ρ(r) =

. The molecular field is determined by only
probable, rather than exact, positions of the atoms.
This is expressed by the potential function containing
the probability density of the particles with the inclu-
sion of the temperature distribution of the particles
[13]. The choice of the pair interaction potential
depends on the problem under consideration. Then,
the nonlocal model of a crystal is based on the follow-
ing nonlinear equations, which allow us to calculate
the molecular potential and the particle position den-
sity under thermal equilibrium conditions [13]:

(2)

where k is the Boltzmann constant, K1, 2 is the pair
interaction potential, and λ is a certain characteristic
number. The initial equations are equations for two

particles under the steady-state conditions 

[12]. The characteristic number is considered to mean
such a value of the parameter λ for which the equa-
tions of system (2) have solutions other than trivial
[12]. If the position of one of the particles is taken as
the origin of the coordinates, we can determine ρ(0) =
λkT [12]. The determination of characteristic numbers
in the Vlasov model of a solid state is an important
problem.

The characteristic number λ can be determined
from the main criterion for the existence of the crystal-
line state. In this case, the crystallization condition
can be written as follows:

(3)

where N is the number of particles, Tm is the melting
(crystallization) temperature of the crystal, and  =
–K1, 2 [12].

3. EXPERIMENTAL PART AND DISCUSSION
In order to achieve the desired goal, it is necessary

to evaluate the possibility of forming stable complexes
and the evolution of their distribution density depend-
ing on the nucleation temperature in the temperature
range from Tm = 1682 K to T = 1382 K. The choice of
the lower temperature limit is caused by the fact that,
in the diffusion model of defect formation in this tem-
perature range from the crystallization front, there is
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the formation of “impurity–intrinsic point defect”
complexes with the further development of impurity
precipitates [7]. The choice of the upper temperature
limit, in turn, is motivated by the fact that, depending
on the thermal conditions of crystal growth, interstitial
dislocation loops or micropores are formed at tem-
peratures T < Tm – 300 [18]. It was shown both theo-
retically and experimentally that, at these tempera-
tures (in the range from the crystallization tempera-
ture to T ~ Tm – 300), in the undoped dislocation-free
silicon single crystals, the formation of silicon–carbon
and silicon–oxygen complexes occurs in the vicinity
of the crystallization front is formed [8]. The process
of precipitation (nucleation, growth, and coalescence
of second-phase particles) proceeds over the entire
range of cooling temperatures (T ~ 1683–300 K) after
the growth [9].

The interactions between the atoms of the sub-
stances and, consequently, their properties are deter-
mined on the basis of information about the potential
of interatomic interaction. The exact form of the inter-
action potential of two atoms is determined from the
quantum-mechanical calculations. The obtained
potentials are usually described by the functions with a
large number of parameters, which complicates their
analytical treatment. Therefore, it is usual practice to
operate model potentials that contain a small number
of parameters.

Currently, there are many approaches to the con-
struction of interatomic potentials for materials with
covalent bonds, including widely used model poten-
tials, such as the Lennard-Jones potential, Mee–Len-
nard-Jones potential, Stillinger–Weber potential,
Morse potential, many-particle Tersoff potential, and
many-particle Brenner potential [19]. For the descrip-
tion of real substances on the basis of model inter-
atomic interaction potentials, it is necessary to identify
their parameters. The parameters of an interatomic
interaction potential can be selected in accordance
both with any individual thermodynamic properties
and with any set of these properties for different ther-
modynamic state conditions. An unambiguous deter-
mination of the interatomic potential for silicon crys-
tals is complicated [20]. Therefore, theoretical predic-
tions within their formalism have used different fitting
parameters whose behavior under various temperature
conditions is difficult to predict or justify [21].

For the evaluation of the parameters of the forma-
tion of silicon–carbon and silicon–oxygen com-
plexes, the interatomic interaction can be represented
in the form of the Mee–Lennard-Jones potential

(4)

where D and r0 are the depth and the coordinate of the
minimum of the interatomic potential, respectively;
and b and a are the parameters, b > a. In the case of the
formation of a stable bond between the atoms, we have
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r =  and U(r) = Umin. For silicon, the parameters
of the interatomic potential are as follows: a = 2.48,
b = 4.0, and D = 2.32 eV; for carbon, the parameters of
the potential are a = 2.21, b = 3.79, and D = 3.68 eV;
and for oxygen, the parameters of the potential are a =
2.6, b = 4.2, and D = 3.38 eV [22–28].

Since the system under investigation consists of
unlike atoms, the values of the cross-parameters of the
potential were determined according to the Lorentz–
Berthelot combination rule [29]. The calculations of
the interatomic potentials gave the following results:
for the silicon–carbon complex, a = 2.345, b = 3.895,
and D = 2.922 eV; and for the silicon–oxygen com-
plex, a = 2.541, b = 4.101, and D = 2.812 eV. Then, we
obtain U1min = 2.840 eV for the silicon–carbon com-
plex and U2min = 2.710 eV for the silicon–oxygen com-
plex.

The characteristic numbers of the silicon–oxygen
(λ1) and silicon–carbon (λ2) complexes were deter-
mined using equation (3) for the number of particles in

the complex N = 2 and K(ρ) = kT  [12]. The

calculation gave the following values: λ1 = 4.482 ×
108 eV–1 and λ2 = 1.099 × 109 eV–1.

Equation (2) is written for the conditions of ther-
mal equilibrium of the system. Since the minima of
the interatomic potentials correspond to stable equi-
librium positions of the atoms in the silicon–oxygen
and silicon–carbon complexes, the distribution den-
sity of the complexes can be determined as a function
of the cooling temperature of the crystal

(5)

The evolution of the distribution density during the
cooling of a growing crystal in the temperature range
from 1682 K to 1382 K is illustrated in Figs. 1 and 2.

In our computational experiment, the concentra-
tions of nucleation centers for oxygen and carbon
complexes were assumed to be equal to ~1012 cm–3.
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Fig. 1. Temperature dependence of the distribution density
of silicon–carbon complexes.
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These values correspond to the experimental data
obtained using transmission electron microscopy [6,
8]. The results of the calculations on the determination
of the distribution density of silicon–carbon com-
plexes are shown in Fig. 1, while the results of the cal-
culations on the determination of the distribution den-
sity of silicon–oxygen are presented in Fig. 2.

During the growth of dislocation-free silicon single
crystals, the formation of silicon–impurity complexes
occurs in the vicinity of the crystallization front.
During cooling of the crystal, these complexes grow
and coalesce, which results in the formation of carbon
precipitates SiC and oxygen precipitates SiO2. The
performed calculations of the complex formation
within the framework of the Vlasov model of a solid
state allow us to draw the following three inferences.

First, the actual equality of the values of the distri-
bution density of silicon–oxygen (ρ1 = 0.493) and sil-
icon–carbon (ρ2 = 0.492) complexes in the vicinity of
the crystallization front (T = 1682 K) has found exper-
imental confirmation. Using transmission electron
microscopy it was shown that, at high crystal growth
rates, interstitial and vacancy defects are formed in
approximately equal concentrations [6].

Second, in the calculation of the homogeneous
formation of micropores and interstitial dislocation
loops in accordance with the model of the dynamics of
point defects, the temperatures of their formation were
found to be as follows: ~1333 K for microvoids and
~1153 K for interstitial dislocation loops [18]. The
Vlasov model does not operate with the concept of
crystal growth or the concept of axial temperature gra-
dient, which are used in the classical theory of nucle-
ation and growth of second-phase particles in solids
[30]. However, the condition of the transition to the
coalescence stage (T ~ 1683–300 K), where all the
impurities are bound and supersaturation of intrinsic
point defects occurs depending on thermal conditions
of growth [30], corresponds to the completion of the
complex formation process. This correspondence is
characteristic of large-sized silicon single crystals
(with a diameter of more than 100 mm). At the same
time, for small-sized silicon single crystals, as shown

by the classical theory of nucleation, the coalescence
stage occurs even at T ~ 1683–20 K [30]. Therefore,
the classical theory of nucleation and growth of sec-
ond-phase particles in crystals and the Vlasov model
of crystal formation describe the processes of high-
temperature precipitation, which provides the basis for
the defect formation in crystals.

Third, until recently, the evolution of the distribu-
tion density during cooling of a growing crystal in the
temperature range from 1682 to 1382 K (Figs. 1, 2)
could indicate the impossibility of applying the Vlasov
models to real crystals, because it contradicted the
classical theory of nucleation and growth of second-
phase particles in solids. However, the development of
the model of high-temperature precipitation of impu-
rities made it possible to extend the mathematical
apparatus of the classical theory of nucleation to the
formation of nuclei in a solid during its cooling after
the growth [9]. As a result, two theories of nucleation
of second-phase particles, which are based on differ-
ent epistemological approaches (the classical theory of
nucleation and the Vlasov model for solids), lead to
identical results. It is important to note that the Vlasov
model of a solid state does not require introduction of
additional parameters, such as the growth rate and the
axial temperature gradient of the crystal, into the cal-
culations.

4. CONCLUSIONS
The formation of silicon–impurity complexes

during the growth of undoped dislocation-free silicon
single crystals followed by the growth and coalescence
of precipitates is the decisive stage in the formation of
a defect structure. Depending on the thermal condi-
tions of growth, interstitial dislocation loops or
microvoids are formed in the crystal during the fur-
ther cooling.

The calculation of the formation of silicon–carbon
and silicon–oxygen complexes during the cooling
after the growth was performed within the framework
of the Vlasov model of crystal formation. It was found
that the complex formation begins in the vicinity of the
crystallization front. It was shown that the Vlasov
model of a solid state can be used not only for the
investigation of hypothetical ideal crystals, but also for
the description of the formation of a defect structure
of real crystals.
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